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Abstract 

The geometry that is defined by the scalars in couplings of Einstein-Maxwell theories in N = 2 
supergravity in 4 dimensions is denoted as special Kahler geometry. There are several equivalent 
definitions, the most elegant ones involve the symplectic duality group. The original construction 
used conformal symmetry, which immediately clarifies the symplectic structure and provides a way 
to make connections to quaternionic geometry and Sasakian manifolds. 
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1 Introduction 



In the previous workshop in this series on quaternionic geometry, B. de Wit and me gave talks 
|T[ on the classification of quaternionic homogeneous spaces |2| . Results in special geometry- 
had lead to new homogeneous quaternionic spaces. We have discussed on this topic further 
with D. Alekseevsky and V. CortesQand realised that it would be useful to have a definition of 
special Kahler geometry that does not refer to the constructions of supersymmetric actions. 
The text of the proceedings was a first step in that direction. Meanwhile, in 1994, the second 
superstring revolution took place. The main issue was that theories which were previously 
thought as different, are recognized as perturbations around 'vacua' of a master theory. 
Essential for that are the duality relations which make the connections between the different 
descriptions. The first example was provided by Seiberg and Witten J|]. They used a 
model with N = 2 supersymmetry in 4 dimensions with vector multiplets, being multiplets 
involving Maxwell fields. Special Kahler geometry || is defined by the couplings of the 
scalars in the locally supersymmetric theory, i.e. in the coupled Einstein-Maxwell theory. 
The model used by Seiberg- Witten thus involves a similar geometry, which has been called 
rigid special Kahler geometry , as it appears in rigid supersymmetry. The structure of that 
geometry was important for the obtained results. In particular the analyticity properties of 
fields in these theories allowed them to find exact solutions. 

The so-called vector multiplets in d = 4, N = 2 supersymmetry are multiplets with 
spins (0, 0, |, 2, 1), the latter being the vector providing the Maxwell theory. The scalars are 
moduli, whose values parametrize the different vacua. The two (real) scalars in a multiplet 
can be combined to a complex one, and the supersymmetry will indeed provide a complex 
structure. As will become clear below, the structure of special Kahler geometry implies 
holomorphicity of the resulting field equations. Then the result of Seiberg-Witten is based 
on the fact that singularities and the asymptotic behaviour determine exact answers. The 
singularities, see figure [1|, are points around which a classical limit can be considered. The 
theory allows perturbation expansions around these points. Each one leads classically to a 
different theory, but there is only one full quantum theory. The singular points form a family 
of inequivalent vacua. 

These developments motivated us to look for a definition of special geometry independent 
of supersymmetry. A first step in that direction had meanwhile be taken by Strominger f?| . 
He had in mind the moduli spaces of Calabi-Yau spaces. His definition is already based 
on the symplectic structure, which we also have emphasized. However, being already in 
the context of Calabi-Yau moduli spaces, his definition of special Kahler geometry omitted 
some ingredients that are automatically present in any Calabi-Yau moduli space, but have 
to be included as necessary ingredients in a generic definition. Another important step was 
obtained in ||. Before, special geometry was connected to the existence of a holomorphic 
prepotential function F(z). The special Kahler manifolds were recognized as those for which 
the Kahler potential can be determined by this prepotential, in a way to be described below. 
However, in || it was found that one can have N = 2 supergravity models coupled to 
Maxwell multiplets such that there is no such prepotential. These models were constructed 

1 V. Cortes made our results more accessible to the mathematical audience pi. 
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Figure 1: The moduli space with 3 singularities. 



by applying a symplectic transformation to a model with prepotential. This fact raised 
new questions: are all the models without prepotential symplectic dual to models with a 
prepotential? Can one still define special Kahler geometry starting from the models with a 
prepotential? Is there a more convenient definition which does not involve this prepotential? 
These questions have been answered in 0, and are reviewed here. 

Section ^ introduces some ingredients. I give some elements of the algebraic context of 
N = 2 supersymmetry, and how the geometric quantities are encoded in the action. Then I 
show the emergence of symplectic transformations in the actions with vector fields coupled 
to scalars. Rigid N = 2 supersymmetry and the associated rigid special Kahler geometry is 
discussed in section [| Section f| will then discuss the supergravity case. For that, it is useful 
to look first at the conformal group, as a formulation from that perspective will show more 
structure, in particular it clarifies the role of the symplectic transformations, and gives the 
connection with Sasakian manifolds. This is the central section where the definitions, their 
equivalence and some examples are discussed. The special Kahler manifolds appear in moduli 
spaces of Riemann surfaces for the rigid version and in those of Calabi-Yau manifolds for the 
local version. That is illustrated in section |5|. A summary is given in section We briefly 
discuss there also the usage of the same construction methods for quaternionic geometry as 
recently applied in [fTO] . 

2 Ingredients 

For supersymmetry in 4-dimensional spacetime, the fermionic charges should belong to a 
spinor representation of SO(3,l). Therefore, in the minimal supersymmetric case, the su- 
percharges have 4 real components. This minimal situation is called N = 1. Field theory 
allows realizations up to iV = 8 supersymmetry, i.e. with 32 real supercharges. Special Kahler 
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geometry appears in the context of iV = 2 supersymmetry. The 8 real spinor supercharges 
are denoted as Q l a , where a = 1, ... ,4 and % = 1,2. They satisfy the anticommutation rule 

{Qi,Qi}-^P^ ij , (2.i) 

thus involving the translation operator P M in 4-dimensional spacetime. There are represen- 
tations with spins 



(o,o,o,o,|, i) 

(0,0,|,i,l) 
(1 ^ 2 o) 

I 1 ' 2> 2' > 



hypermultiplet quaternionic scalars 
vector multiplet complex scalars 
supergravity , (2.2) 



where I have indicated their names and the types of scalars. The quaternionic and complex 
structures are guaranteed by the supersymmetry. 

The ingredients of the geometry are found in the action. In general, having scalars 4> l (x), 
vectors with field strength jF^(x), and possibly a non-trivial spacetime metric g Mi ,(x), the 
bosonic kinetic part of the action has the general form 



S = J fay/ggrd^drfGijtt) 

+\^gg w g va {l™ MuM^i ~ K Re M,/)(0)^ PCT ^^ 

+ .... (2.3) 

Gij((p) is identified as the metric of the manifold of scalars. The complex symmetric matrix 
Mij determines the kinetic terms of the vectors, and its meaning will be clarified below. 
Supersymmetry relates bosons and fermions, e.g. for the scalars 

84>\x) = e X \x) ) (2.4) 

where e are the supersymmetry parameters and x l { x ) are the fermions. In the context of 
local supersymmetry the parameters depend on spacetime, and we thus have 



8<P\x) = e(x) X \x). (2.5) 
In order to have an action invariant under these local symmetries, one needs connection 



fields, which are the gravitini for the supersymmetry. Due to the algebra ( |2.1|) this should 
be related to local translations, i.e. general coordinate transformations, whose connection 
field is the (spin 2) graviton. 

A prerequisite to understand the following development, is the understanding of the 
meaning of the symplectic transformations. These are the duality symmetries of 4 dimen- 
sions, the generalizations of the Maxwell dualities. They were first discussed in ||1 1|| . Consider 



the kinetic terms of the vector fields as in ( |2.3p with I = 1, m. Mij are coupling constants 
or functions of scalars. One defines (anti) self dual combinations as 
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The conventions^] are such that the complex conjugate of T + is T . Defining 

GZ ee 2i^j = N L] F +J ^ , (2.7) 

the Bianchi identities and field equations can be written as 

c^Tm = Bianchi identities 

c^Im GZ = Equations of motion. (2.8) 
This set of equations is invariant under GL(2m,JR): 

^ = *)(?). (2.9) 



C+ / \ G+ J V C D ) \ G 
In order that this transformation be consistent with (|2.7|) , we should have 

G + = (C + DM)F+ = (C + DN){A + BN)' 1 ^ 



M =(C + DN)(A + BN)- 1 . (2.10) 



However, this matrix should remain symmetric, M = A/" T , which implies that 

A B 
C D 

as the explicit condition is 



S= ( ^ „ ) eSp(2m,JR), (2.11) 



S T QS = Q where Q = ( ^ JV (2.12) 

Thus the remaining transformations are real symplectic ones in dimension 2m, where m is 
the number of vector fields. 

In the following we will denote by symplectic vectors, those vectors V such that its 

symplectic transformed is V = SV . The prime example is thus V = ( ^ V An invariant 

inner product of symplectic vectors is defined by 

(V, W) = V T QW . (2.13) 

The important properties for the matrix M is that it should be symmetric and Im M < 
in order to have positive kinetic terms. These properties are preserved under symplectic 
transformations defined by (|2.10|) . 

2 The Levi-Civita symbol has £0123 = i- 
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3 Rigid special Kahler geometry 



As mentioned in the introduction, the 'rigid' special Kahler geometry is the geometric struc- 
ture encountered in rigid N = 2 supersymmetry in 4 dimensions. This supersymmetry has 
as field representations multiplets with spins (0, 0, 0, 0, |, |), the hypermultiplet, and multi- 
plets with spin (0, 0, |, |, 1), the vector multiplet. For the former, the scalar field geometry 
is based on quaternions, and is a hyper-Kahler structure. Here, we will consider the vector 
multiplets, for which the scalars combine to complex fields, whose geometry is Kahlerian. A 
natural description for such multiplets uses N = 2 superspace, that is an extension of usual 
spacetime (with points labelled by x) by fermionic coordinates 9, such that the superspace is 
a representation of the superalgebra. The vector multiplets are then described by superfields 
$ (x, 9) that satisfy some constraints, restricting the way in which they depend on the 9. 
The result is some superfield 

9) = X A (x) + 9 X a(x) + 9^9^ u (x) + . . . , (3.1) 

where the lowest components X A are complex fields. A = 1, . . . ,n labels different vector 
multiplets. To build an action, one integrates a general holomorphic function F over one half 
of the 9 variables (the chiral superspace). The above mentioned constraints have, between 
other restrictions, restricted the superfields to depend only on this chiral superspace. With 

S = Jd*xJ d A 9 F($) + c.c. , (3.2) 

one obtains that the scalars have a metric of Kahlerian type: 

G AB (X,X) = d A d B K(X,X) 

K(X,X) = i(F A (X)X A -F A (X)X A ) 

Mab = F ABl (3.3) 

where the latter defines the kinetic term of the vectors as in fl2.3|) . Further, F A (X) = 
g^F(X) or F A (X) = g~^F(X), F AB (X) = ^ X q^ w F(X). 

The equations of motion turn out to be those equations that determine that F A {&) satisfy 
the same superfield constraints as $ j4 . Comparing with (|2.8| ), the superfield constraints on 
& A contain the first equations (Bianchi identities) while the same superfield equations on F A 
contain the second line. 

It is therefore appropriate to combine the superfield in a 'symplectic vector' 

§ — ( ^ A \ chiral superfields which , . 

\F A (&) ) satisfy extra constraints. 

The scalars, i.e. the 9 = part of this vector form also a symplectic vector 

V = J is a symplectic vector. (3.5) 
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A further improvement is to allow general coordinates. So far, we parametrize the scalars 
as X A , which are special coordinates (occurring in the superfields). We can, however, allow 



arbitrary coordinates [12] z a with a — 1, ... ,n. Then the special coordinates are holomorphic 
functions of the z a , i.e. X A (z a ), such that e A = d a X A (z) is invertible. 

Now we have all the ingredients to give definitions ||. 

Definition 1 of rigid special Kahler geometry. 

A rigid special Kahler manifold is an n-dimensional Kahler manifold with on any chart 
n holomorphic functions X (z) and a holomorphic function F(X) such that 

K(z, z) = i (x A q^iHX) ~ xA ^AnX)) • (3-6) 

On overlap of charts these functions should be related by (inhomogeneous) symplectic trans- 
formations ISp(2n,JR): 



e^MtA R „ +6y, (3.7) 





with 

Cij G K ; Mij G Sp (2n, H) ; b {j G C 2 ™ , (3.8) 

satisfying the cocycle condition on overlaps of 3 charts. 

There is, however, a second definition of rigid special Kahler manifolds, which is based 
on the symplectic structure, rather than on the prepotential. 

Definition 2 of rigid special Kahler geometry. 

A Kahler manifold is the base manifold of a U(l) x ISp (2n, 1R) bundle. A holomorphic 
section V(z) defines the Kahler potential by 

K(z,z)=i(V,V), (3.9) 

and it should satisfy the constraint 

(d a V,df,V) = 0. (3.10) 

One can show that the prepotential exists locally, but it is thus not essential for the 
definition. In rigid special geometry the choice of definition is rather a question of esthetics. 
However, in the local case, it will be important to have the analogue of the second definition 
available. The kinetic matrix for the vectors is 

M AB = {d a F A {z))e a B . (3.11) 

The condition ( |3.10| ) guarantees that this matrix is symmetric. Finally, let us remark that 
the symplectic metric Q should in general not assume the canonical form (|2.12| ), but can be 



an arbitrary non-degenerate real antisymmetric matrix. However, in order to distinguish X A 
and Fa components, and thus to write a prepotential, one should bring it to this canonical 
form. 
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4 N = 2 supergravity and special Kahler geometry 



In this section we introduce the 'local' special Kahler geometry, which is the one generally 
denoted as special Kahler geometry. It is this one which was found in |5[], and has most 
interesting applications. It was introduced in the context of supergravity. To explain its 
structure, it is useful to consider again its origin. 

To describe a supergravity theory, there are several methods. One of them is the intro- 
duction of a superspace. This formalism shows a lot of structure of the theory. It is very 
transparent for rigid supersymmetry. However, in its local version, necessary for supergrav- 
ity, there appear a lot of extra superfield symmetries. These symmetries are an artifact of 
the formalism. They have to be gauge-fixed to obtain the physical theory. 

Superconformal tensor calculus is in-between. Also here extra gauge symmetries 
occur, and these are in fact the symmetries of the superconformal group, the basic ingredi- 
ent of the formalism. The experience tells us that these symmetries are the relevant ones 
to display the structure of the theory, but this formalism does not have the many other 
symmetries present in the superspace approach. It turns out that we just remain with those 
that are useful to get insight in complicated formulae. Also for the calculation of the action, 
the superconformal symmetries are just appropriate to simplify the construction. This is 
particularly interesting in our case. The superconformal tensor calculus gives the proper 
setup for the symplectic (duality-adapted) formulation. 

The idea is to start by constructing an action invariant under superconformal group. 
Then, one choose gauges for the extra gauge invariances of the superconformal group, such 
that the remaining theory has just the super-Poincare symmetries. 

The formalism can be used for theories in various dimensions and amount of super- 
symmetry. Let us review here the structure for 4 dimensions with 8 real supersymmetry 
generators (N = 2). The superconformal group contains first of all the conformal group 
(translations, Lorentz rotations, dilatations and special conformal transformations). This 
group is ^0(4,2) = SU(2,2). The supersymmetries should sit in a spinor representation of 
this group. This singles out the supergroup SU(2,2\2), which means essentially that the 
group can be represented by matrices of the form 

(SU {2,2) SUSY \ 

V SUSY SU(2) x U(1)J ' y ' 

The off-diagonal blocks are the fermionic symmetries. The diagonal blocks are the bosonic 
ones. They split up in the above-mentioned conformal group and an '/^-symmetry group', 
SU(2) x U{\). This extra group plays an important role: 

• the gauge connection of U(l) will be the Kahler curvature. It acts on the manifold of 
scalars in vector multiplets, 

• the gauge connection of SU(2) promotes the hyperKahler manifold of hypermultiplets 
to a quaternionic manifold. 
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As we neglect here the hypermultiplets, we have to consider the basic supergravity mul- 
tiplet and the vector multiplets. The physical content that one should have (from represen- 
tation theory of the super-Poincare group) can be represented as follows: 



SU GRA vectorm. 
2 



3 3 
2 2 



1 1 -> n + 1 

1 1 



(4.2) 



+71 * 



2 2 





The supergravity sector contains the graviton, 2 gravitini and a so-called graviphoton. That 
spin-1 field gets, by coupling to n vector multiplets, part of a set of n + 1 vectors, which will 
be uniformly described by the special Kahler geometry. The scalars appear as n complex 
ones z a , with a = 1, . . . , n. 

To describe this, we start with n + 1 superconformal vector multiplets with scalars X 1 
with I = 0, . . . ,n. The action is determined by a holomorphic function F(X). Compared 
with the rigid case, there is one additional requirement. The conformal invariance requires 
F(X) to be homogeneous of weight 2, where the X fields carry weight 1. These scalar fields 
transform also under a local U(l) symmetry. 

The obtained metric is a cone [[L3|, [K| . To see this, one splits the n + 1 complex variables 



{X} in {p,9,z a } 

• r is scale which is a gauge degree of freedom for translations 

• 9 is the U(l) degree of freedom; 

• the n complex variables z a . 

The metric now takes the form 

ds 2 = dr 2 + ±r 2 [A + d9 + i (d a K(z, z) dz a - d^K{z, z) dz™)f + r 2 d a daK(z, z) dz a dz« , 

(4.3) 

where A is the one-form gauging the U (1) group, and K(z, z) is a function of the holomorphic 
prepotential F(X), to be explained below. With A = 0, this defines the cone over a Sasakian 
manifold. However, in supergravity, the field equation of A implies that it is a composite field, 
given by (minus) the other parts of the second term of (|4.3|) . With fixed p (gauge fixing 
the superfluous dilatations), the remaining manifold is Kahler, with the Kahler potential 
determined by F(X). That gives the special Kahler metric. 

Let us explain this now in more detail, using at the same time more of the symplectic 
formalism. The dilatational gauge fixing (the fixing of r above), is done by the condition 

X 7 F 7 (X) - X^^X) = i . (4.4) 

This condition is chosen in order to decouple kinetic terms of the graviton from those of the 
scalars. Using again symplectic vectors 

V=( X J), (4.5) 



KF, 
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this can be written as the condition on the symplectic inner product: 

< v,V >= i. 

To solve this condition, we define 



V 



v(z) 



where v(z) is a holomorphic symplectic vector, 



v(z) 



Z\z) \ 



(4.6) 



(4.7) 



t)Z 



The upper components here are arbitrary functions (up to conditions for non-degeneracy), 
reflecting the freedom of choice of coordinates z a . The Kahler potential is 



e -K(z,z) = ^) . 

The kinetic matrix for the vectors is given by 

Afu = (Fj V & F I (X))(X J V & X J Y\ 
where the matrices are (n + 1) x {n + 1) and 

V a Fj(X) = d a Fj(X) + \{d & K)Fj{X) , V a X J = d a X J + Ud a K)X J 



(4.9) 



(4.10) 



(4.11) 



Before continuing with general statements, it is time for an example. Consider the 
prepotential F = — iX ^ 1 . This is a model with n = 1. There is thus just one coordinate 
z. One has to choose a parametrization to be used in the upper part of (fO|). Let us 
take a simple choice: Z° — 1 and Z 1 = z. The full symplectic vector is then (as e.g. 
F (Z) = -iZ\z)) 



( Z °\ 

Z 1 

F 



/ 1 \ 

z 

-h 
V -i / 



(4.12) 



The Kahler potential is then directly obtained from ( f4.9| ), determining the metric: 



9zs = d z d s K 



z + z)- 2 



e~ K = 2{z + z) ■ 

The kinetic matrix for the vectors is diagonal. From ([4.1 0|) follows 

-iz 



Therefore the action contains 



M 



4Re 



-i- 



z F, 



fi,V 



+ Z 



1 



(4.13) 



(4.14) 



(4.15) 
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The domain of positivity for both metrics is Re z > 0. 

We formulate again two definitions, the first using the prepotential, and the second one 
using only the symplectic vectors. 

Definition 1 of (local) special Kahler geometry. 

A special Kahler manifold is an n-dimensional Hodge-Kahler manifold with on any chart 
n+1 holomorphic functions Z T (z) and a holomorphic function F(Z), homogeneous of second 
degree, such that, with Q4.8|) , the Kahler potential is given by 



■ K M = -i(v,v) 



(4.16) 



and on overlap of charts, the v(z) are connected by symplectic transformations Sp(2(n 
1),1R) and/or Kahler transformations. 



i f(z) Sv{z) . 



(4.17) 



Definition 2 of (local) special Kahler geometry. 

A special Kahler manifold is an n-dimensional Kahler-Hodge manifold, that is the base 
manifold of a Sp(2(n + 1)) x U(l) bundle. There should exist a holomorphic section v(z) 
such that the Kahler potential can be written as 



and it should satisfy the condition 



-K(z,z) = 



(V a v,V p v) = 0. 



(4.18) 



(4.19) 



Note that the latter condition guarantees the symmetry of Mij. This condition did not 
appear in [^], where the author had in mind Calabi-Yau manifolds. As we will see below, in 
those applications, this condition is automatically fulfilled. For n > 1 the condition can be 
replaced by the equivalent condition 



(V a v,v) = 0. 



(4.20) 



For n = 1, the condition Q4.19Q is empty, while ( |4.20|) is not. In |14| it has been shown that 
models with n = 1 not satisfying ( |4.20 ) can be formulated. 

The appearance of 'Hodge' manifold in the definitions refers to a global requirement. 
The U(l) curvature should be of even integer cohomology. This has been considered first 
in ||15|| , and for an explanation on the normalization, one can consult 0. Note that in the 
mathematics literature 'Hodge' refers to integer cohomology. Here, however, the presence of 
fermions makes the condition stronger by a factor of two: one needs even integers. 

Let us come back to the example, on which we will perform a symplectic mapping: 



Sv 















( 


1 \ 











-1 


V = 




i 








1 







— iz 


\o 


1 





o ) 




\ 


z ) 



(4.21) 
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After this mapping, z is not any more a good coordinate for (Z°, Z l ), the upper two compo- 
nents of the symplectic vector z. This means that the symplectic vector can not be obtained 
from a prepotential. We can not obtain the symplectic vector from a form (|4.8|). No function 



F(Z , Z ) exists. Therefore, the first definition is not applicable. However, nothing prevents 



us from using the second definition. The Kahler metric is still the same, ( |4.13| ), and one can 
again compute the vector kinetic matrix, either directly from (|4 . X 0|) , as the denominator is 
still invertible, or from ( |2.10|) : 



J\f = [C + DU){A + BM)~ l = -iX^X )' 1 ! = -izt . 



In this parametrization, the action is thus 



e _1 £i 



; Re 



(4.22) 



(4.23) 



This action is not the same as the one before, but is a 'dual formulation' of the same theory, 
being obtained from (|4.15| ) by a duality transformation. The straightforward construction 
in superspace or superconformal tensor calculus does not allow to construct actions without 
a superpotential. However, in |14[] it has been shown that the field equations of these models 
can also be obtained from the superconformal tensor calculus. One just has to give up the 
concept of a superconformal invariant action. 

It is thus legitimate to ask about the equivalence of the two definitions. Indeed, we saw 
that in some cases definition 2 is satisfied, but one can not obtain a prepotential F. However, 
that example, as others in ||, was obtained from performing a symplectic transformation 
from a formulation where the prepotential does exist. In PJ it was shown that this is true in 
general. If definition 2 is applicable, then there exists a symplectic transformation to a basis 
such that F(Z) exists. Note, however, that in the way physical problems are handled, the 
existence of formulations without prepotentials is important. Going to a dual formulation, 
one obtains a formulation with different symmetries in perturbation theory. The example 
that we used here appears in a reduction to N = 2 of two versions of N = 4 supergravity, 
known respectively as the '.SO (4) formulation' 
N = 4 supergravity O . 



Tql and the l SU(4:) formulation' of pure 



Finally let us note that we still could apply (|4.10| ) because the matrix 

(X 1 VaX 1 ) 



(4.24) 



is always invertible if the metric g aBc = d a daK(z, z) is positive definite. Therefore, the inverse 
exists, and Mu can be constructed. However, the matrix 



X 1 



v a x> 



(4.25) 



is not invertible in the formulation (|4.21| ). If that matrix is invertible, then a prepotential 
exists PI. 
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5 Realizations in moduli spaces of Riemann surfaces 
and Calabi— Yau manifolds 

The realizations of special Kahler geometry that are mostly studied in physics these days, 
are the moduli spaces of Riemann surfaces for the rigid case, and those of Calabi- Yau 3-folds 
for the local case. 

First, consider the Hodge diamond of Riemann surfaces, listing the number of non-trivial 
(anti)holomorphic (p, q) forms: 

h 00 = 1 
h 10 = g h 01 = g 

h 11 = 1 

Rigid special Kahler geometry is obtained for the moduli spaces of such Riemann surfaces 
when we consider 

• with n complex moduli z a 

• n < g holomorphic 1-forms 7 Q (a = 1, . . . n) 

• In cycles ca that form a complete basis for 1-cycles for which J c 7 a 7^ 0. 
In this situation 

j a (z) = d a X(z) + drj a (z) , (5.1) 

where X(z) is a meromorphic 1-form with zero residues. The symplectic formulation of rigid 
special Kahler geometry is obtained with as symplectic vector the vector of periods of A over 
the chosen cycles: 

V = ( A. (5.2) 

Jca 

The intersection matrix of the cycles plays the role of the symplectic metric. This type of 
realizations was used in Seiberg-Witten models. The general features have been discussed 
in[|. 

To obtain local special Kahler manifolds, one considers the moduli space of Calabi- Yau 
3-folds. In this case the Hodge diamond of the manifold is 

h 00 = 1 

h 11 =m 

/?30 = i h 21 =n h 12 = n h 03 = 1 

h 22 = m 


h 33 = 1 

These manifolds have h 21 = n complex structure moduli, which play the role of the variables 
z a of the previous section. There are 2(n + 1) 3-cycles c\, with intersection matrix Qas = 



12 



ca n C£. The canonical form is obtained with so-called A and B cycles, and then Q takes 
the form of Q in (|2.12 ). Symplectic vectors are identified again as vectors of integrals over 



the 2(n + 1) 3-cycles: 

v = [ , v a v = I . (5.3) 

q(3,o) j g unique (3, 0) form that characterizes the Calabi-Yau manifold. fi^ 2 ' 1 ^ is a basis 
of the (2, 1) forms, determined by the choice of basis for z a . That these moduli spaces give 



rise to special Kahler geometry became clear in |fLq| . Details on the relation between the 
geometric quantities and the fundamentals of special Kahler geometry have been discussed 
in 



19. 



The defining equations of special Kahler geometry are automatically satisfied. E.g. one 
can easily see how the crucial equation Q4.19 ) is realized: 



(v a v,v pV ) = ( nff-Q AS - I n 

J CA J Cf 



CY 



(2,1) ^AE / n (2,l) 



Vffi A figf = . (5.4) 



The symplectic transformations correspond now to changes of the basis of the cycles used to 
construct the symplectic vectors. The statement that a formulation with a prepotential can 
always be obtained in special Kahler geometry by using a symplectic transformation, can 
now be translated to the statement that the geometry can be obtained from a prepotential 
for some choice of cycles. 

Finally, it is interesting that singularities of Calabi-Yau manifolds may be used to obtain a 
'rigid limit'. Indeed, in [ED| it is shown how Calabi-Yau manifolds that are K3 fibrations can 



be reduced near the singularity to fibrations of ALE manifolds. Then the special geometry 
of the moduli space of the Calabi-Yau manifold reduces to the rigid special geometry with 
Kahler potential determined by the ALE manifold. This mechanism is considered further in 
PH . There it has been shown how the Kahler potential of special geometry approaches the 



one of rigid special geometry, and how the periods of the local theory behave around the 
singular points and thus around the rigid limit. In the superstring theory this allows to get 
the gravity corrections to the rigid theory, which can be used for applications 



6 Summary and connection with quaternionic mani- 
folds 

Special Kahler geometry is defined by the couplings of N = 2 supersymmetric theories ('rigid' 
special Kahler) or supergravity theories ((local) special Kahler) with vector multiplets. There 
are several ways to describe the geometry. We discussed two ways: 

• by using a prepotential function 

• by symplectic vectors and constraints 
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In rigid special Kahler geometry, these are completely equivalent. In the local theory, all 
special Kahler manifolds can be obtained from a prepotential, but in some cases that involves 
a duality transformation. Therefore not all actions can be described by the prepotential. 

Rigid special Kahler geometry is realised by moduli spaces of certain Riemann manifold. 
That construction is not straightforward, and involves a choice of cohomology subspace 
and moduli. The local special Kahler geometry appears in the moduli space of Calabi-Yau 
threefolds. In this case the construction is straightforward. For a particular Calabi-Yau 
manifold one includes all the moduli. In this way a clear geometrical interpretation of the 
building blocks of special geometry is obtained. Duality transformations correspond then to 
a change of the basis of cycles. A prepotential does exist at least for a suitable choice of 
basis of the cycles. 

Note, however, that not all special Kahler manifolds can be obtained as realizations in 
moduli spaces. E.g. the homogeneous manifolds, treated in ]l|, [| are not obtained in this 
way. 

In the First Meeting on Quaternionic Structures in Mathematics and Physics, 5 years 
ago, we have shown [I], |2j how homogeneous special Kahler spaces are related by the c-map 
to homogeneous quaternionic spaces and by the r-map to homogeneous 'very special' real 
spaces. The construction of special Kahler geometry that we have outlined here can be used 
as well for the quaternionic spaces (and for the real ones). In a recent work [T(J it has been 
shown how the conformal tensor calculus can be applied to obtain the actions based on the 
quaternionic spaces (actions for 'hypermultiplets'). The scalars are the lowest components 
of superfields (or superconformal multiplets) Af, with i = 1, 2 and a = 1, . . . , 2(r + 1) with 
a reality condition. The Af can be considered as Sp(l) x Sp(r + 1) sections. Again the 
number of multiplets (r + 1) is one more than the number of physical multiplets (r) that 
we will obtain. We thus start with 4(r + 1) scalars. One of those will be a scale degree of 
freedom^, three are SU(2) degrees of freedom, the second part of the f?-symmetry as was 
mentioned after Q4.1| ), and the remaining ones form r quaternions. As in the metric of the 
vector multiplets, there is a connection to Sasakian manifolds. Putting the gauge fields of the 
SU{2) invariance to zero, rather than using their field equations, one obtains a 3-Sasakian 



manifold. This is related to the talk of Galicki in the meeting 5 years ago [23 
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3 When vector multiplets and hypermultiplets arc simultaneously coupled, there is one overall dilatational 
gauge degree of freedom. An auxiliary field of the superconformal gauge multiplet gives a second relation, 
such that as well the compensating field of the vector multiplet as that of the hypermultiplet are fixed. 
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